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ABSTRACT
Aims.We investigate the evolution of superclusters and supercluster cocoons (basins of attraction), and the influence of cosmological
parameters to the evolution.
Methods. We perform numerical simulations of the evolution of the cosmic web for different cosmological models: the LCDMmodel
with a conventional value of the dark energy (DE) density, the open model OCDM with no DE, the standard SCDM model with no
DE, and the Hyper-DE HCDM model with an enhanced DE density value. We find ensembles of superclusters of these models for
five evolutionary stages, corresponding to the present epoch z = 0, and to redshifts z = 1, 3, 10, 30. We use diameters of the largest
superclusters and the number of superclusters as percolation functions to describe properties of the ensemble of superclusters in the
cosmic web. We analyse the size and mass distribution of superclusters in models and in real Sloan Digital Sky Survey (SDSS) based
samples.
Results. In all models numbers and volumes of supercluster cocoons are independent on cosmological epochs. Supercluster masses
increase with time, and geometrical sizes in comoving coordinates decrease with time, for all models. LCDM, OCDM and HCDM
models have almost similar percolation parameters. This suggests that the essential parameter, which defines the evolution of super-
clusters, is the matter density. The DE density influences the growth of the amplitude of density perturbations, and the growth of
masses of superclusters, albeit significantly less strongly. The HCDM model has the largest speed of the growth of the amplitude
of density fluctuations, and the largest growth of supercluster masses during the evolution. Geometrical diameters and numbers of
HCDM superclusters at high threshold densities are larger than for LCDM and OCDM superclusters. SCDM model has about two
times more superclusters than other models; SCDM superclusters have smaller diameters and masses.
Conclusions. We find that the evolution of superclusters occurs mainly inside their cocoons. The evolution of superclusters and their
cocoons, as derived from density fields, is in good agreement with the evolution, found from velocity fields.
Key words. Cosmology: large-scale structure of Universe; Cosmology: dark matter; Cosmology: theory; Methods: numerical
1. Introduction
According to the presently accepted cosmological paradigm the
evolution of the structure of the universe started from tiny per-
turbation of the primordial medium. The evolution of perturba-
tions is influenced by the physical content of the matter-energy
medium, and by physical processes, from inflation to matter
and radiation equilibrium and beyond. Basic constituents of the
matter-energy medium are dark matter (DM), dark energy (DE)
and baryonic matter. For given initial density perturbations the
evolution depends on the fractional density of DM and DE, ex-
pressed in units of the total matter-energy density,ΩDM , andΩΛ.
The structure of the cosmic web depends on initial density
fluctuations and on various gravitational and physical processes
during the evolution. Differences due to cosmological matter-
energy density parameters influence the structure of the cosmic
web on various scales, and the time evolution of the web. Differ-
ences in the structure of the cosmic web between cold dark mat-
ter (CDM) and hot dark matter (HDM) models are well known,
they influence the structure of the cosmic web on all scales. Dif-
ferences in the structure of models with variable cosmological
Send offprint requests to: Jaan Einasto, e-mail: jaan.einasto@ut.ee
parameters in the CDM model were studied by Angulo & White
(2010).
Differences in cosmological parameters influence the struc-
ture of superclusters of galaxies, the largest structures of the cos-
mic web. Until recently superclusters were selected using the
matter density field (Einasto et al. 2007; Luparello et al. 2011;
Liivamägi et al. 2012). Tully et al. (2014) suggested to define su-
perclusters on the basis of their dynamical influence to the cos-
mic environment, basins of attraction (BoA), as the volumes con-
taining all points whose velocity flow lines converge at a given
attractor. By this definition BoA-s mean both superclusters and
their surrounding low density regions. To keep traditional defi-
nition of superclusters as connected high density regions of the
cosmic web Einasto et al. (2019) proposed to name the basins of
attraction as cocoons. Superclusters are high-density regions of
their cocoons.
The goal of the present paper is twofold: to investigate the
evolution of superclusters and their cocoons, and to study the
influence of cosmological parameters to properties and evolu-
tion of superclusters and their cocoons. We accept the CDM
paradigm and study deviations from the standard CDM pic-
ture due to variations of the DM and DE content. In this
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approach we ignore deviations from the concordance ΛCDM
model (Bahcall et al. 1999). Such deviations are well known,
see among others Frieman et al. (2008) and Di Valentino et al.
(2020a,b,c). We assume that these deviations are smaller than
deviations due to variations of DM and DE content, and can be
ignored in the present study. We shall perform numerical sim-
ulations of the evolution of the cosmic web in a box of size
1024 h−1Mpc, using four different sets of cosmological density
parameters. In three sets we use constant DM content, and vary
the DE content: from zero (the open OCDM model); the con-
ventionalΛCDMmodel; and a model with enhanced DE contant
HCDM (not to be confused with hot-cold DM models, also de-
noted as HCDM). Note that the first of these models has an open
cosmology, the second a flat cosmology, and the third a closed
cosmology. The fourth model is the classical standard SCDM
model of critical density with no DE; it has also flat cosmology.
All models have identical initial phases, this makes it easier to
find differences between models.
We shall use the extended percolation analysis by
Einasto et al. (2018) to describe the large-scale geometry of the
cosmic web. In this method superclusters are searched using den-
sity fields smoothed with 8 h−1Mpc kernel. We shall find super-
clusters of these models for five epochs, corresponding to the
present epoch z = 0, and to redshifts z = 1, 3, 10, 30, and
compare properties of model superclusters with properties of
observed superclusters. We also derive size and mass distribu-
tions of superclusters. Model size and mass distributions shall
be compared with the distribution of sizes and luminosities of
observed superclusters of the Sloan Digital Sky Survey (SDSS)
main galaxy survey. In calculation of the density field we used
all DM particles of simulations. The present study is a follow-
up of the study by Einasto et al. (2018, 2019) of the evolution
of ΛCDM superclusters, using a broader set of cosmological pa-
rameters. The evolution of supercluster BoA-s was investigated
by Dupuy et al. (2020) using velocity fields. This allows to com-
pare the evolution of superclusters and their BoA-s in more de-
tail.
The paper is organized as follows. In the next section we
describe calculation of density fields of simulated and observed
samples, and methods to find superclusters and their parame-
ters. In section 3 we analyse the evolution of superclusters as
described by percolation functions. In section 4 we discuss the
evolution of superclusters in various cosmological models, and
compare our results, based on the analysis of density fields, with
the study of the supercluster evolution using velocity fields. Last
section brings the summary and conclusions.
2. Data
To find superclusters we have to fix the supercluster definition
method and basic parameters of the method. We shall use the
density field method. We define superclusters as the largest non-
percolating high-density regions of the cosmic web, which host
galaxies and clusters of galaxies, connected by filaments. Based
in our previous experience we use for supercluster search the
matter density field (luminosity density field for the SDSS sam-
ple), calculated with the B3 spline of kernel size 8 h
−1Mpc. The
determination of the second parameter of the supercluster search,
the threshold density, shall be discussed below.
2.1. Simulation of the cosmic web
To find the influence of cosmological parameters to the for-
mation of superclusters we performed four simulations with
different values of the density parameters. In the concordance
ΛCDM model (Bahcall et al. 1999) we accepted parameters
Ωm = 0.286,ΩΛ = 0.714. In the classical standard SCDMmodel
we used parameters (Davis et al. 1985)Ωm = 1.000 andΩΛ = 0.
In the open OCDM model we used Ωm = 0.286, ΩΛ = 0. In
the fourth “hyper-dark-energy”-model HCDM, we assumed pa-
rameters Ωm = 0.286, and a higher DE density, ΩΛ = 0.914.
This model is not to be confused with the hot-cold DM model,
which is often denoted as HCDM, but not used in this paper.
In all models we accepted the dimensionless Hubble constant
h = 0.6932, and the amplitude of the linear power spectrum on
the scale 8 h−1Mpc, σ8 = 0.825. Model parameters are given
in Table 1. Linear power spectra of density perturbation at the
present epoch are shown in Fig. 1.
10-3 10-2 10-1 100 101
k
100
101
102
103
104
105
P(
k)
SCDM
OCDM
LCDM
HCDM
Fig. 1. Linear power spectra of LCDM, HCDM, OCDM and SCDM
models at the present epoch.
All models have the same realisation, so the role of different
values of cosmological parameters can be easily compared. The
initial density fluctuation spectra were generated using the COS-
MICS code by Bertschinger (1995). To generate the initial data
we used the baryonic matter density Ωb = 0.044 (Tegmark et al.
(2004)). Calculations were performedwith the GADGET-2 code
by Springel (2005). Particle positions and density fields were
extracted for 7 epochs between redshifts z = 30, . . .0. We se-
lect large-scale over-density regions at five cosmological epochs,
corresponding to redshifts z = 0, z = 1, z = 3, z = 10 and z = 30.
The resolution of all simulations was Npart = Ncells = 512
3, the
size of the simulation boxes was L0 = 1024 h
−1Mpc, the vol-
ume of simulation box was V0 = 1024
3 (h−1Mpc)3, and the size
of the simulation cell was 2 h−1Mpc. This box size is sufficient
to see the role of large-scale density perturbations to the evo-
lution of the cosmic web. Using conventional terminology we
call relatively isolated high-density regions of the cosmic web
as clusters (Stauffer 1979). These clusters are candidates in the
search of superclusters of galaxies. Superclusters have charac-
teristic lengths up to ≈ 100 h−1Mpc (Liivamägi et al. 2012). As
shown by Klypin & Prada (2018), larger simulation boxes are
not needed to understand main properties of the cosmic web. We
designate the simulation with the conventional cosmological pa-
rameters as LCDM.z, the standard model with high matter con-
tent as SCDM.z, the model with enhanced dark energy content
as HCDM.z, and the open model as OCDM.z, where the index z
shows the redshift.
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Table 1. Parameters of models.
Model L0 Ωm ΩΛ Ωtot σ8 mp
(1) (2) (3) (4) (5) (6) (7)
LCDM 1024 0.286 0.714 1.000 0.825 6.355e+11
HCDM 1024 0.286 0.914 1.200 0.825 6.355e+11
OCDM 1024 0.286 0.000 0.286 0.825 6.355e+11
SCDM 1024 1.000 0.000 1.000 0.825 2.220e+12
Notes. Table columns are: (1): model name; (2): model sidelength in
h−1 Mpc; (3): Ωm – model matter density; (4): ΩΛ – model dark energy
density; (5): Ωtot – model total density; (6): σ8 – amplitude of density
perturbations; (7): mp – particle mass in Solar units.
2.2. SDSS data
The density field method allows to use flux-limited galaxy sam-
ples, and to take statistically into account galaxies too faint to be
included to the flux-limited samples, as applied among others by
Einasto et al. (2003, 2007), and Liivamägi et al. (2012) to select
superclusters of galaxies.
We use the Sloan Digital Sky Survey (SDSS) Data Release
8 (DR8) (Aihara et al. 2011), and galaxy group catalogue by
Tempel et al. (2012) to calculate the luminosity density field.
In the calculation of the luminosity density field we take into
account the selection effects present in flux-limited samples
(Tempel et al. 2009; Tago et al. 2010). In the calculation of the
luminosity density field we select galaxies within the appar-
ent r magnitude interval 12.5 ≤ mr ≤ 17.77 (Liivamägi et al.
2012). In the nearby region relatively faint galaxies are included
to the sample, in more distant regions only the brightest galax-
ies are seen. To take this into account, we calculate a distance-
dependent weight factor, WL(d), following Einasto et al. (2018).
The weight factor WL(d) increases to ≈ 8 at the far end of the
sample; for a more detailed description of the calculation of the
luminosity density field and corrections used see Liivamägi et al.
(2012). The algorithm to find superclusters is described below.
The volume of the SDSS main galaxy sample is 5093 (h−1Mpc)3
(Liivamägi et al. 2012).
2.3. Calculation of the density field
We calculate the density field using a B3 spline (see
Martínez & Saar 2002). This function is different from zero only
in the interval x ∈ [−2, 2]. To calculate the high-resolution den-
sity field we use the kernel of the scale, equal to the cell size
of the simulation, L0/Ngrid, where L0 is the size of the simula-
tion box, and Ngrid is the number of grid elements in one co-
ordinate. The smoothing with index i has a smoothing radius
ri = L0/Ngrid × 2i. The effective scale of smoothing is equal to
2 × ri. In the present study we apply smoothing with kernel of
radius 8 h−1Mpc, which corresponds to the index 2.
We calculated for eachmodel the variance of the density con-
trast,
σ2 = 1/Ncells
∑
(D(x) − 1)2, (1)
where D(x) is the density in mean density units at location x, and
summing is over all cells of the density field. In this paper we ap-
ply percolation functions using as arguments density thresholds,
reduced to unit value of the dispersion of the density contrast:
x = (Dt − 1)/σ. (2)
2.4. Finding superclusters
The compilation of the supercluster catalogue consists of sev-
eral steps: calculation of the density field, finding over-density
regions as potential superclusters in the density field, calculation
of parameters of potential superclusters, and finding the super-
cluster with the largest volume for a given density threshold. In
this way we make a choice for the proper threshold density to
compile the actual supercluster catalogue.
We scan the density field in the range of threshold densi-
ties from Dt = 0.1 to Dt = 10 in mean density units. We use
a linear step of densities, ∆Dt = 0.1, to find over-density re-
gions. This range covers all densities of practical interest, since
in low-density regions the minimal density is ≈ 0.1, and the
density threshold to find conventional superclusters is Dt ≈ 5
(Liivamägi et al. 2012). We mark all cells with density values
equal or above the threshold Dt as filled regions, and all cells
below this threshold as empty regions.
Inside the first loop we make another loop over all filled cells
to find neighbours among filled cells. Two cells of the same type
are considered as neighbours (friends), and members of the clus-
ter, if they have a common sidewall. As traditional in the perco-
lation analysis, over-density regions are called clusters (Stauffer
1979). Every cell can have at most six cells as neighbours. Mem-
bers of clusters are selected using a Friend-of-Friend (FoF) al-
gorithm: the friend of my friend is my friend. To exclude very
small systems, only systems having fitness diameters at least
20 h−1Mpc are added to the list of over-density regions — clus-
ters.
The next step is the calculation of parameters of clus-
ters. We calculate the following parameters: centre coordi-
nates, xc, yc, zc; diameters (lengths) of clusters along coordi-
nate axes, ∆x, ∆y, ∆z; geometrical diameters (lengths), Lg =√
(∆x)2 + (∆y)2 + (∆z)2; fitness diameters (lengths), L f , dis-
cussed in the next subsection; geometrical volumes, Vg, defined
as the volume in space where the density is equal or greater
than the threshold density Dt; total masses, L, the mass (lu-
minosity) inside the density contour Dt of the cluster, in units
of the mean density of the sample. We also calculate total vol-
ume of over-density regions, equal to the sum of volumes of
all clusters, VC =
∑
Vg, and the respective total filling factor,
F f = N f /Ncells = VC/V0.
During the cluster search we find the cluster with the largest
volume for the given threshold density. We store in a separate
file for each threshold density the number of clusters found,
N, and main data on the largest cluster: the geometrical diam-
eter, Lg; the fitness diameter, L f ; the volume Vg; and the total
mass (luminosity for SDSS samples) of the largest cluster. Di-
ameters are found in h−1Mpc, volumes in cubic h−1Mpc, total
masses/luminosities in units of the average cell mass/luminosity
of the sample. These parameters as functions of the density
threshold Dt are called percolation functions. They are needed to
select the proper threshold density to compile the actual super-
cluster catalogue, and to characterise general geometrical prop-
erties of superclusters in the cosmic web; for details of the per-
colation method see Einasto et al. (2018). In total we have for
every model and evolutionary stage 100 catalogues of clusters
(over-density regions) as potential supercluster catalogues. Each
catalogue contains, depending on the model, up to 14 thousand
clusters with all cluster parameters mentioned above. These cat-
alogues were used to find distributions of diameters and masses
of clusters.
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Fig. 2. Percolation functions of models. Left panels show the geometrical length function, central panels the fitness length function, right panels
the number function. As arguments of percolation functions we use the reduced threshold density, x = (Dt −1)/σ. Diameters are given in h−1 Mpc.
Panels from top to bottom are for LCDM, HCDM, OCDM and SCDM models.
2.5. Supercluster fitness diameters
Following Einasto et al. (2019) we define fitness volume of the
supercluster, V f , to be proportional to its geometrical volume,
Vg, and divided by the total filling factor:
V f = Vg/F f . (3)
Using the definition of the total filling factor of all over-density
regions at this threshold density, F f = VC/V0, we get
V f = Vg/VC × V0. (4)
The fitness volume measures the ratio of the supercluster vol-
ume to the summed volume of all superclusters (all filled over-
density regions) at the particular threshold density, multiplied by
the whole volume of the sample. Fitness diameters (lengths) of
superclusters are calculated from their fitness volumes,
L f = V
1/3
f
= (Vg/VC)
1/3 × L0. (5)
We use fitness diameters of largest superclusters, L f (Dt), as a
percolation function, in addition to other percolation functions
— geometrical diameters, Lg(Dt), total filling factors, F f (Dt),
and numbers of clusters, N(Dt). Fitness diameters of largest su-
perclusters are functions of the threshold density Dt, and have a
minimum at medium threshold density. This minimum shows
that the largest supercluster has the smallest volume fraction,
Vg/VC . The minimum shall be used to find the threshold den-
sity for supercluster selection. We consider the fitness volume
of a supercluster as the volume of its basin of dynamical attrac-
tion or cocoon (Einasto et al. 2019). The sum of fitness volumes
of supercluster cocoons is equal to the volume of the sample:∑
V f =
∑
Vg/VC × V0 = V0.
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Table 2. Parameters of model and SDSS superclusters.
Sample σ P xP Dmax xmax Nmax Lg L f Dt xt Nscl Lg L f F f
(1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15)
LCDM.0 0.6458 2.00 1.55 2.70 2.63 8321 316 178 4.20 4.96 6044 113 142 0.00788
LCDM.1 0.3683 1.60 1.63 2.10 2.99 8472 317 178 2.60 4.34 6524 113 150 0.00760
LCDM.3 0.1852 1.30 1.62 1.50 2.70 8535 348 190 1.70 3.78 6607 118 152 0.00930
LCDM.10 0.0667 1.10 1.50 1.16 2.40 8643 332 174 1.20 3.00 7833 137 149 0.01469
LCDM.30 0.0237 1.04 1.52 1.06 2.36 8926 312 167 1.06 2.61 8582 143 142 0.02137
HCDM.0 0.8475 2.10 1.30 3.20 2.60 8158 288 173 5.80 5.66 5109 106 148 0.00591
HCDM.1 0.4527 1.70 1.55 2.30 2.87 8342 314 177 3.20 4.86 5855 119 149 0.00727
HCDM.3 0.2035 1.30 1.47 1.60 2.95 8513 312 169 1.80 3.93 6580 118 152 0.00895
HCDM.10 0.0689 1.10 1.45 1.18 2.61 8686 299 168 1.20 2.90 8148 140 144 0.01750
HCDM.30 0.0239 1.04 1.59 1.06 2.42 8971 301 167 1.06 2.59 8664 152 143 0.02251
OCDM.0 0.6548 2.00 1.53 2.70 2.60 8432 316 177 4.20 4.89 6112 115 141 0.00818
OCDM.1 0.4145 1.70 1.69 2.30 3.14 8513 315 179 2.90 4.58 6304 124 147 0.00845
OCDM.3 0.2489 1.40 1.61 1.70 2.81 8581 319 181 1.90 3.62 7463 137 144 0.01314
OCDM.10 0.1039 1.16 1.54 1.28 2.69 8752 298 168 1.32 3.08 7983 137 145 0.01568
OCDM.30 0.0404 1.06 1.54 1.10 2.43 8936 301 167 1.11 2.62 8525 143 142 0.02118
SCDM.0 0.5124 1.60 1.17 2.35 2.63 14808 194 125 2,65 3.22 14259 130 106 0.02376
SCDM.1 0.2600 1.35 1.35 1.70 2.69 15202 148 109 1.85 3.27 14052 106 106 0.01849
SCDM.3 0.1314 1.18 1.37 1.34 2.59 15160 144 111 1.38 2.89 14406 110 105 0.02106
SCDM.10 0.0478 1.07 1.46 1.12 2.41 15029 146 112 1.13 2.72 14360 142 105 0.02019
SCDM.30 0.0170 1.03 1.53 1.04 2.35 15192 146 107 1.04 2.59 14756 145 105 0.02164
SDSS 2.5 3.5 1129 249 147 5.40 844 118 134 0.00981
Notes. Table columns are: (1): sample name, where the last number shows the redshift; (2): σ – variance of the density field; (3): P – percolation
density threshold in mean density units; (4): xP = (P − 1)/σ – reduced percolation density threshold; (5): Dmax – density threshold at maxima
of numbers of superclusters; (6): xmax = (Dmax − 1)/σ – reduced density threshold at maxima of numbers of superclusters; (7): Nmax – maximal
number of superclusters; (8): Lg – geometrical diameter (length) of largest supercluster in h
−1 Mpc at Dmax; (9): L f – fitness diameter (length) of
largest supercluster in h−1 Mpc at Dmax; (10): Dt – density threshold to find superclusters in mean density units; (11): xt = (Dt − 1)/σ – reduced
density threshold to find superclusters; (12): Nscl – number of superclusters at Dt; (13): Lg – geometrical diameter (length) of largest supercluster
in h−1Mpc at Dt; (14): L f – fitness diameter (length) of largest supercluster in h−1Mpc at Dt; (15): F f – total filling factor of over-density regions
at Dt.
3. Evolution of superclusters as described by
percolation functions
We discuss is this section the evolution of superclusters as de-
scribed by percolation functions. Next we analyse the evolution
of distributions of supercluster diameters and luminosities, and
errors of percolation parameters.
3.1. Evolution of percolation functions of model samples
We use percolation functions to characterise geometrical proper-
ties of the cosmic web and to select superclusters. Fig. 2 shows
geometrical length functions, Lg, fitness diameter functions, L f ,
and numbers of clusters, N. Upper panels show these functions
for the LCDM model, in following panels for HCDM, OCDM
and SCDM models, for redshifts z = 0, 1, 3, 10, 30. An impor-
tant parameter is rms variance of the density contrast, σ, calcu-
lated using Eq. (1) for all our models; results are given in Table 2.
In Fig. 2 we use the reduced threshold density, x = (Dt − 1)/σ,
as arguments of percolation functions.
An essential indicator of the evolution of clusters is their
number. Fig. 2 shows the number of clusters as function of
the threshold density. At very low threshold densities the whole
over-density region contains one percolating cluster, since peaks
of the density field are connected by filaments to a connected re-
gion. For this reason at small threshold density, x ≤ 1.5, there
exists one percolating cluster, extending over the whole vol-
ume of the computational box. The percolation threshold den-
sity, P = Dt, is defined as follows: for Dt ≤ P there exists one
and only one percolating cluster, for Dt > P there are no perco-
lating clusters (Stauffer 1979). In reduced threshold density units
we denote percolation threshold as xP. At these small threshold
densities the geometrical diameter of the cluster is equal to the
diameter of the box, Lg =
√
3 L0, and its fitness diameter is equal
to the side-length of the box, L f = L0.
With increasing threshold density some filaments became
fainter than the threshold density, and the connected region splits
into smaller units, supercluster candidates and their complexes.
This leads to a rapid increase of the number of clusters with
increasing threshold density at x > −0.5. At x ≈ 2.6 (for the
LCDM.0 model) the number of clusters reaches a maximum,
Nmax ≈ 8300. Threshold density at maximum number of clus-
ters, Dmax and xmax, respective numbers of clusters, Nmax, geo-
metrical and fitness diameters, Lg and L f , are given in Table 2. At
this threshold density most clusters are still complexes of large
over-density regions, connected by filaments to form systems of
diameters Lg ≈ 300 h−1Mpc and L f ≈ 200 h−1Mpc.
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Fig. 3. The cumulative distribution of supercluster geometrical diameters, Lg (left panels), fitness diameters, L f (middle panels), and total masses,
L (right panels). Distributions are normalised to total numbers of superclusters. Panels from top to bottom are for the LCDM, HCDM, OCDM and
SCDM models.
When we increase x more, then the number of clusters
starts to decrease, since smallest clusters havemaximal densities,
lower than the threshold density, and disappear from the sam-
ple. At x ≈ 4 geometrical and fitness diameters become equal,
Lg ≈ Dd ≈ 160 h−1Mpc. With further increase of the density
threshold geometrical diameters decrease, but fitness diameters
have a minimum and thereafter start to increase. As shown in
Fig. 2 and Table 2, minimal fitness diameters are almost identi-
cal (in co-moving coordinates) at all epochs, L f ≈ 140 h−1Mpc
for the LCDMmodel. The geometrical diameter at this threshold
density is Lg ≈ 115 h−1Mpc. Both diameters are close to con-
ventional values of diameters of superclusters. We used thresh-
old densities at global minima of fitness diameter functions to
select supercluster ensembles. Parameters of model supercluster
samples at these threshold densities are given in Table 2: Dt, xt,
Nscl, Lg and L f . We give in the Table also the total filling factor of
over-density regions, F f , at the threshold density Dt. This filling
factor was used to find fitness volumes and diameters of super-
clusters, see Eq. (4). Data are given for all our model samples
and evolutionary epochs.
The decrease of the number of clusters with increasing
threshold continues until only central regions of clusters have
densities higher than the threshold density. For the earliest epoch
z = 30 the decrease of diameters with increasing threshold den-
sity is most rapid (diameters are expressed in co-moving coordi-
nates). At epoch z = 3 clusters exist only at threshold densities
x ≤ 16; at redshift z = 10 at threshold density x ≤ 9.5, and at
redshift z = 30 at x ≤ 7.5 (for the LCDM model).
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Fig. 2 and Table 2 show that maximal numbers of clusters are
very similar at all evolutionary stages of the cosmic web. This
similarity, as well as the similarity of minimal fitness diameters
at different epochs, is an important property of the evolution of
the cosmic web.
3.2. Distributions of diameters and masses
Fig. 3 shows cumulative distributions of geometrical and fitness
diameters and masses of superclusters. Data are given for all
models and simulation epochs up to z = 10. As we see from the
Fig. 3 geometrical diameters at early epochs are larger than at
the present epoch (in co-moving coordinates), approximately by
a factor of 2. This effect is seen in LCDM, OCDM and HCDM
models, but is almost absent in SCDMmodel. This means that in
co-moving coordinates superclusters shrink during the evolution.
Fitness diameters have a different behaviour — the distribution
of fitness diameters is almost the same in co-moving coordinates
at all epochs.
Right panels of Fig. 3 show that masses of superclusters in-
crease during the evolution, approximately by a factor of three.
This result is in good agreement with all simulations of the
growth of the cosmic web. The skeleton of the web with su-
percluster embryos forms already at early epoch. Superclusters
grow by the infall of matter from low-density regions towards
early forming knots and filaments, forming early superclusters.
The growth of masses is largest in the HCDM model.
3.3. Errors of percolation parameters
As shown by Einasto et al. (2019), percolation parameters de-
pend on the smoothing length, used in calculation of the den-
sity field. Different smoothing of the density field allows to se-
lect systems of galaxies of various character, see below. For this
reason errors of percolation parameters have the sense of accu-
racy in the framework of a given smoothing length and charac-
ter of galaxy systems selected. Some percolation functions are
very smooth, and the possible error of parameters is given by the
stepsize of threshold density, which is ∆Dt = 0.1 in the present
study in most cases. This determines the accuracy of parameters:
percolation threshold density, P; density threshold at maxima of
numbers of superclusters, Dmax; density threshold to find super-
clusters, Dt. For early epochs the density field was scanned with
smaller step, and possible errors of these parameters are lower.
Errors of other parameters depend on the speed of changes of
parameters as functions of the density threshold. Possible range
of errors can be estimated from the spread of parameters for dif-
ferent models and evolution epochs in Figs. 6 and 7.
4. Discussion
We start with the comparison of model percolation functions
with percolation functions of observed SDSS samples. Next we
discuss the evolution of the ensemble of superclusters in mod-
els with different cosmological parameters. Then we compare
the evolution of LCDM and SCDM models, and evolution of
LCDM, OCSM and HCDM models. Thereafter we discuss the
influence of smoothing length to properties of selected systems,
and the concept of cocoons of the cosmic web. Finally we com-
pare our analysis with results of the study of the velocity field to
detect supercluster cocoons.
4.1. Comparison with SDSS samples
In Fig. 4 we compare percolation functions of observed SDSS
samples with percolation functions of models at the present
epoch. We note that numbers of model superclusters are approx-
imately 8 times larger than the number of SDSS superclusters.
This difference is due to the larger size of our model samples,
1024 h−1Mpc, about twice the effective size of the SDSS main
galaxy sample, 509 h−1Mpc. To bring percolation functions of
SDSS samples to the same scale as model functions, threshold
densities of SDSS samples must be shifted. A similar shift of
density threshold of SDSS samples was made by Einasto et al.
(2019). Densities are expressed in mean density units. In model
samples the mean density includes, in addition to the clustered
matter with simulated galaxies, also dark matter in low-density
regions. In low-density regions there are no simulated galax-
ies, or galaxies are fainter than the magnitude limit of the ob-
servational SDSS survey. For this reason, in calculations of the
mean density of the observed SDSS sample unclustered and low-
density dark matter is not included. This means that in the cal-
culation of densities in mean density units densities are divided
to a smaller number, which increases density values of SDSS
samples. Einasto et al. (2019) estimated this correction factor by
an trial-and-error procedure, and calculated corrected threshold
densities by dividing threshold densities of SDSS samples by
the factor, b = Dt/(Dt)c. We applied the same factor b = 1.30,
and used it in calculating SDSS percolation functions for com-
parison. The corrected SDSS supercluster diameter, filling factor
and number functions are in good agreement with LCDMmodel
functions.
Fig. 5 shows cumulative distributions of diameters and
masses of model samples at the present epoch, and respec-
tive distributions for SDSS samples. In calculation of luminos-
ity distribution of SDSS superclusters we divided luminosities
of superclusters to the normalising factor b = 1.45, following
Einasto et al. (2019). As seen from the right panel of Fig. 5,
this correction brings total luminosity distributions of SDSS and
LCDM samples to a very good agreement. Distributions of di-
ameters and luminosities are shown in Figs. 3 and 5. As we
see, distributions of different models have approximately simi-
lar character.
4.2. Evolution of percolation parameters of supercluster
ensembles
As we have already seen in Fig. 2, basic characteristics of the
evolution of percolation functions in different cosmologies are
rather similar. At the earliest epoch z = 30 percolation functions,
expressed as functions of reduced threshold densities x, are al-
most identical for models with different cosmological parame-
ters. Maxima of number functions and minima of fitness length
functions are located in all models at earliest epoch z = 30 at
reduced threshold density xmax = 2.4. At the present epoch z = 0
the maximum shifts to xmax = 2.6 for all models. The shape of
fitness length and number functions at early epoch is approxi-
mately symmetrical around x = xmax, when expressed as a func-
tion of the reduced threshold density x. It is surprising that in
spite of different values of σ at the earliest epoch z = 30 per-
colation functions of all models at early epoch are so similar.
At later epochs this symmetry of percolation functions is better
preserved for LCDM, HCDM and OCDM models. The evolu-
tion of the SCDM model is different: at later epochs percolation
functions of the SCDM model are shifted to higher threshold
densities much more than in other models, see Figs. 4 and 5.
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Fig. 4. Comparison of percolation functions of models with SDSS samples. Model functions are plotted with coloured bold lines. Functions for
SDSS samples are plotted with black dashed lines for density correction factor 1.30. Left panel is for geometrical length functions, middle panel
for fitness length functions, right panel for number functions.
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Fig. 5. Comparison of cumulative distributions of diameters and masses (luminosities) of models at the present epoch, and SDSS samples. Left
panel shows the cumulative distributions of supercluster geometrical diameters, Lg, middle panel distributions of fitness diameters, L f , right panel
distributions of total masses (luminosities), L, given in units of the mass (luminosity) of one cell. SDSS distributions are given for threshold
density Dt = 5.4; distribution of SDSS total luminosities are calculated for correction factor b = 1.45.
Now we discuss the evolution of percolation parameters of
the ensemble of superclusters in more details. In Fig. 6 we show
the change of three percolation parameters of supercluster en-
sembles with cosmic epoch z: the filling factor, F f , the minimal
fitness lengths, L f , and the maximal number of superclusters,
Nmax. The left panel of Fig. 6 gives the change of the filling
factor, F f , of models during the evolution. This filling factor
was used to calculate fitness volumes of superclusters, V f , us-
ing Eq. (3). At earliest epoch z = 30 the filling factor of super-
clusters of all models was, F f ≈ 0.02. During the evolution the
filling factor decreased in LCDM, HCDM and OCDM models
to F f ≈ 0.007, but remained almost the same F f ≈ 0.02 for the
SCDM model.
In middle and right panels of Fig. 6 we show minimal fitness
diameters and maximal numbers of superclusters as functions
of the cosmic epoch. We see that LCDM, HCDM and OCDM
models have almost identical evolution of sizes and supercluster
numbers. But the maximal length of the fitness diameter of the
SCDM model is about 100 h−1Mpc, a factor of about 1.5 times
smaller than in other models, L f ≈ 140 h−1Mpc. The maximal
number of SCDM superclusters is almost twice the number in
other models. The difference of the SCDM model from other
models in the maximal number of superclusters, and in the min-
imal fitness length of SCDM superclusters, are essential find-
ings of the present paper. We conclude, that the structure of the
ensemble of SCDM superclusters differs considerably from the
structure of ensemble of superclusters in other models.
Fig. 7 shows the evolution of three parameters of ensem-
bles of models — the reduced percolation threshold, xP, the re-
duced density threshold at maxima of numbers of superclusters,
xmax, and the reduced density threshold to find superclusters, xt.
Reduced percolation lengths of LCDM models of different box
sizes and smoothing scales have a mean values xP = 1.5 ± 0.1
for all simulation epochs (Einasto et al. 2019). The present study
shows that models with different cosmology have also reduced
percolation length, xP ≈ 1.5, for LCDM, HCDM and OCDM
models for all cosmic epochs. The SCDM model has the value
xP = 1.5 only for the earliest epoch z = 30; at later epochs the
reduced percolation threshold is lower, see left panel of Fig. 7.
The reduced density threshold at maxima of the number of
superclusters is xmax = 2.4 for all models at the earliest epoch,
z = 30. During the evolution the reduced density threshold at
maxima of the number of superclusters increases to xmax = 2.6
for all models. The reduced threshold density at the minimum
of the fitness length (optimal to select superclusters) is at the
earliest epoch xt = 2.6 for all models. It increases to a value
xt = 5.0 for LCDM and OCDM models, to xt = 5.7 for the
HCDM model, but remains almost the same, xt = 3.2, for the
SCDM model.
Einasto et al. (2019) investigated the evolution of the den-
sity contrast in ΛCDM (LCDM) models of various box lengths
and different smoothing scales. Authors showed that the shape
of the relationship between the density contrast σ and redshift
1 + z is approximately linear when expressed in log-log format.
The slope of the relationship is the same for LCDM models of
different box lengths and smoothing scales, and the amplitude
depends on the smoothing scale. In the present paper we used
identical box sizes and smoothing scale, but varied cosmologi-
cal parameters of models. The variance of the density contrast,
σ, as a function of the cosmic epoch, z, is shown in the left panel
of Fig. 8. There exists an almost linear relationship between σ
and 1 + z, when expressed in log-log format, a result in good
agreement with linear perturbation theory, see the right panel of
Fig. 8. The HCDM model has a more rapid increase of the den-
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Fig. 8. Left panel shows the change of the dispersion of density fluctuations σ with cosmic epoch z for our models. Right panel gives the evolution
of the dispersion of density fluctuations σ with cosmic epoch z according to linear evolution model, normalised to the present epoch.
sity contrast σ with time (decreasing z), the OCDM model has
the slowest increase of the density contrast with time.
4.3. Comparison of the evolution of LCDM and SCDM
models
Our analysis has shown that properties of the SCDM model de-
viate strongly from properties of other models. The main rea-
son for this difference lies in the power spectrum of the SCDM
model — it has much more power on small scales, and less
power on large scales. The evolution of the ensemble of super-
clusters of our SCDM and LCDM models can be followed in
Fig. 9. Upper panels of this Figure show cross-sections of density
fields of the LCDM model, lower panels of the SCDM model.
Panels from left to right correspond to density fields at epochs
z = 30, 10, 3, 0, calculated with comoving smoothing kernel of
radius 8 h−1Mpc. Models were calculated with identical phases
of initial density fluctuations. For this reason small-scale features
of density fields of different models are rather similar. However,
large-scale features on supercluster scales are different. In the
SCDM model structures are smaller in size. To see better details
we plot in Fig. 9 only central 512 × 512 h−1Mpc sections of
density fields.
Left panels of Fig. 9 shows density fields of models for a very
early epoch, corresponding to redshift z = 30. The comparison of
panels of both models at identical epochs suggests that principal
large-scale structural elements of the cosmic web were present
at all epochs considered here. Of course, there are differences
on small scales, but main large-scale elements of the web are
seen at similar locations at all epochs. Basic visible changes are
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Fig. 9. Upper and lower panels show density fields of LCDM and SCDM models, respectively, found with smoothing kernel of radius 8 h−1 Mpc.
Panels from left to right correspond to the epoch z = 30, 10, 3, 0, respectively. Cross-sections are shown in a 2 h−1 Mpc thick layer of size
512 × 512 h−1Mpc; densities are expressed in linear scale. Colour scales from left to right are: 0.9 − 1.1, 0.8 − 1.2, 0.4 − 1.5, 0.2 − 2.5.
the increase of the density contrast: distributions of densities at
epochs z = 30, z = 10 and z = 3 are very similar, only the
amplitude of density perturbations has increased. In this redshift
range the evolution is mainly linear, only the density contrast has
increased. In later epochs the non-linear evolution is dominant,
as seen by comparison of fields at z = 3 and z = 0. In the SCDM
model superclusters are smaller and their spatial density is higher
than in the LCDM model.
4.4. Comparison of the evolution of LCDM, OCDM and
HCDM models
Differences in the evolution of the cosmic web are related to dif-
ferences in their initial power spectra. Fig. 1 shows that spectra
of LCDM, OCDM and HCDM models are identical on medium
and small scales. On largest scales the open OCDM model has
larger power than the conventional LCDMmodel, and the hyper-
DE HCDM model has lower power. Since differences in power
spectra are very small, it is expected to observe also small dif-
ferences in geometrical properties of the cosmic web, as rep-
resented in these models. DE contribution to the matter/energy
density in early epochs was very small, which may explain the
low sensitivity of properties of the cosmic web to the DE den-
sity. The HCDM model has the largest speed of the growth of
the amplitude of density fluctuations, σ, which may explains the
largest growth of supercluster masses during the evolution, as
seen from Fig. 3. For the same reason, geometrical diameters
and numbers of HCDM superclusters at high threshold densities
are larger than for LCDM and OCDM superclusters.
4.5. Superclusters as great attractors in the cosmic web
All massive bodies are gravitational attractors. Of interest in cos-
mology are Galaxy-type and larger attractors. It is well known
that smoothing influences the character of high-density regions
found. Smoothing with a kernel of length 1 h−1Mpc highlights
ordinary galaxies together with their satellite systems, similar
to our Galaxy and M31. These attractors can be called small in
cosmological context. Within their spheres of dynamical influ-
ence Galaxy-type attractors are surrounded by dwarf satellites
and intergalactic matter inside their DM halos. Central galax-
ies of these systems grow by infall of gas and merging of dwarf
galaxies, for a detailed overview see Wechsler & Tinker (2018).
Einasto et al. (1974a) called these systems hypergalaxies. Au-
thors suggested that hypergalaxies are primary sites of galaxy
formation, and that galaxies do not form in isolation, since dwarf
galaxies exists primarily as satellites of brighter (central) galax-
ies. The radius of satellite systems and of the DM halo, surround-
ing the system, i.e. hypergalaxies, is about 1 h−1Mpc, for early
evidence see Einasto et al. (1974b,c).
Smoothing with a kernel of length 4 h−1Mpc finds high-
density regions of the cosmic web having intermediate character
between clusters and traditional superclusters, such as central re-
gions of superclusters (Einasto et al. 2012, 2020). As shown by
Einasto et al. (2019), smoothingwith 4 h−1Mpc kernel finds four
times more isolated high-density systems than smoothing with
8 h−1Mpc length, using the same LCDM model. When a larger
smoothing length, 16 h−1Mpc, is used for this model, one gets
four times less supercluster type systems, and superclusters are
larger in size than superclusters found with the 8 h−1Mpc kernel.
Long experience of the study of superclusters on the basis
of density fields has shown that the optimal smoothing length
to find superclusters is 8 h−1Mpc, see Einasto et al. (2007),
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Luparello et al. (2011), and Liivamägi et al. (2012). Superclus-
ters are great attractors. Supercluster centres lie at centres of
deep potential wells. They collect material from a much larger
region than clusters. The slope of the potential field determines
the speed of particles at given location. Thus superclusters at
different levels of the potential field have different strength as
attractors.
4.6. Comparison with superclusters found from velocity data
The property of superclusters to act as great attractors was
the basis of the Tully et al. (2014), Pomarède et al. (2015) and
Graziani et al. (2019) suggestion to define superclusters on the
basis of their dynamical influence to the cosmic environment
— basins of attraction (BoA). To keep the term “superclusters”
in its conventional meaning, Einasto et al. (2019) suggested to
use the term “cocoons” to Tully’s BoA-s. Neighbouring cocoons
have common sidewalls. Einasto et al. (2019) suggested that a
good measure to estimate the size of cocoons is the fitness diam-
eter, which remains almost constant during the cosmic evolution
in co-moving coordinates. According to the definition of sizes
of cocoons through the fitness diameter, cocoons fill the whole
volume of the observable universe, see Eq. (4).
Dupuy et al. (2019) applied constrained simulations in a
ΛCDM model of length 500 h−1Mpc, based on Cosmicflows-2
(Tully et al. 2013) and Cosmicflows-3 (Tully et al. 2016) data,
and identified several BoA-s. Diameters of BoA-s, calculated
from volumes, D = V1/3, are 79, 89, and 100 h−1Mpc for La-
niakeia, Perseus-Pisces and Coma supercluster BoA-s, respec-
tively. According to our analysis, the SDSS sample has 844 su-
perclusters, the fitness diameter of the largest SDSS supercluster
cocoon is 132 h−1Mpc, the median fitness diameter of cocoons
is 41 h−1Mpc, and fitness diameters of 10 % of largest cocoons
are larger or equal to 84 h−1Mpc. Methods to define sizes of
BoA-s and our cocoons are different (velocity and density fields,
respectively), but numerical results for sizes are close.
Dupuy et al. (2020) used SmallMultiDark simulations by
Klypin et al. (2016) to segment the universe into dynamically
coherent basins applying various smoothing lengths to veloc-
ity data. This simulation was performed in a box of size
400 h−1Mpc, using 38403 particles. Density and velocity fields
were calculated in a 2563 grid. Evolution of basins was followed
in redshift interval from z = 2.89 to z = 0. To test the influence of
smoothing the final velocity field was Gaussian smoothed with
dispersions rs = 1.5 to 15 h
−1Mpc. Basins were searched using
three parameters, in addition to the smoothing length the max-
imum streamlines length and the integration step along stream-
lines. At optimal search parameters the number of basins con-
verged to 647 for smoothing scale 1.5 h−1Mpc, to about 250
basins for smoothing scale 3 h−1Mpc, and to only a few for
smoothing scale 15 h−1Mpc. Taking into account the size of the
simulation box, these numbers are in fairly good agreement with
the number of SDSS superclusters in our LCDM model. As in
our LCDM model, the number of basins decreases slightly with
the cosmic epoch from about 760 at z = 2.89 to 647 at z = 0.
The distribution of masses of basins is almost independent on
the redshifts, see Figs. 9 and 10 of Dupuy et al. (2020).
It is interesting to compare the evolution of supercluster co-
coons and superclusters. We show in Fig. 10 the distribution of
masses of superclusters of our LCDM model at various epochs.
The left panel of Fig. 10 gives the distribution of supercluster
masses, and the right panel the cumulative distribution of super-
cluster masses, normalised to total numbers of superclusters. For
comparison we give also the cumulative distribution of masses
of superclusters for a LCDM model of size L0 = 512 h
−1Mpc
by Einasto et al. (2019). The comparison of the evolution of su-
perclusters and supercluster cocoons shows that the number of
superclusters remains almost constant during the evolution. But
more interesting are differences in the evolution. Masses of co-
coons remain constant during the evolution (Dupuy et al. 2020),
whereas masses of superclusters increase during the evolution
by a factor of about 3, see the right panel of Fig. 10.
The second important difference is in masses themselves.
Fig. 10 shows that the most massive LCDM superclusters have
at the present epoch masses, M ≈ 1016M⊙. Fig. 9 of Dupuy et al.
(2020) shows that most massive supercluster basins (cocoons)
have at all epochs masses, M ≈ 2 × 1017M⊙. Such difference is
expected. Volumes of superclusters at the early epoch are about
50 times smaller than volumes of supercluster cocoons; at the
present epoch this difference has increased to about 140 times,
see Eq. (4), Table 2 and Fig. 8. The difference of masses of super-
clusters and cocoons at the present epoch is only about 20 times.
This means that regions of cocoons outside superclusters have
much lower densities than inside superclusters. Since masses of
cocoons remain constant during the evolution, the growth of su-
percluster masses can be explained by the infall of surrounding
matter inside cocoons to superclusters. The exchange of matter
between cocoons is minimal, because the velocity flow within
cocoons is directed inwards.
Fig. 10 shows that the distribution of masses of superclusters
in models of size 512 and 1024 h−1Mpc is approximately simi-
lar. However, the model of size 1024 h−1Mpc contains a bit more
massive superclusters at all simulation epochs. This small differ-
ence can be explained by the larger volume of the 1024 h−1Mpc
model, 6044 superclusters in the 1024 h−1Mpc model vs. 995
superclusters in the L512 model.
4.7. Evolution of superclusters and supercluster cocoons
The density field method applied in this paper allows to select
superclusters of the cosmic web, and to estimate the size of their
cocoons. As discussed above, at the early epoch superclusters
are approximately 50 times smaller than their cocoons, and at
the present epoch they are about 140 times smaller. Our density
field method allows to select superclusters. The velocity field
method allows to find supercluster cocoons, but not superclusters
themselves. Thus these methods are complementary.
Available data suggest that embryos of galaxies and super-
clusters were created by high peaks of the initial field. The ini-
tial velocity field around peaks is almost laminar. Pichon et al.
(2011) and Dubois et al. (2012, 2014) showed that a significant
fraction of the cold gas falls along filaments nearly radially to
the centres of high redshift rare massive haloes. This process in-
creases the mass of the central halo rapidly. We may conclude
that, depending on the height of the initial density peak, in this
way embryos of galaxies, clusters of galaxies, and superclus-
ters were created. However, the further evolution of superclus-
ters differs from the evolution of galaxies and clusters of galax-
ies. Galaxies and ordinary clusters of galaxies are local attractors
and collect additional matter from their local environment. Su-
percluster are global attractors and collect matter from a much
larger environment.
The filamentary character of the cosmic web can be de-
scribed using the skeleton, the 3D analog of ridges in a moun-
tainous landscape (Pichon et al. 2010). Peaks of the cosmic web
are connected by filaments. The number of filaments, connect-
ing the clusters with other clusters, can be called connectivity for
global connections (including bifurcation points), and multiplic-
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Fig. 10. Left Distribution of masses of superclusters of the LCDM model at various epochs. Right: cumulative distributions of masses of super-
cluster of LCDM models. For comparison the cumulative supercluster mass distribution for a ΛCDM model with sidelength L0 = 512 h
−1 Mpc is
given. Masses are given in solar units.
ity for local connections (Codis et al. 2018). Kraljic et al. (2020)
investigated the connectivity of the SDSS sample of galaxies.
Authors first determined the skeleton of the SDSS sample, traced
by the DisPerSE algorithm by Sousbie (2011). Then authors cal-
culated the connectivity of all clusters. They found that the con-
nectivity of clusters of the SDSS sample has a peak at 3, and the
multiplicity (local connectivity) has a peak at 2. Both parame-
ters depend on the mass of the cluster. The mean connectivity
of massive SDSS clusters is 4, the multiplicity of most massive
clusters is 6.
These results have a simple explanation. Low and medium
mass clusters lie inside filaments, and thus have the multi-
plicity 2 (connection is from both sides of the cluster in-
side the filament). Clusters move together with the filaments
in the large potential well of superclusters. The simultaneous
movement of clusters with their surrounding filament follows
from the simple fact that the filamentary character of the cos-
mic web is preserved at the present epoch. If clusters would
have large peculiar velocities with respect to surrounding fil-
aments, then during the evolution the filamentary character of
the web would be destroyed. The laminar character of the ve-
locity field is explained by the presence of the dark energy,
as suggested already by Sandage et al. (2010). Very rich clus-
ters are central clusters of superclusters, and are connected
with other structures by many filaments. This was demon-
strated already by Tully & Fisher (1978) for the Virgo super-
cluster, by Jõeveer & Einasto (1977); Jõeveer et al. (1978) and
Jõeveer & Einasto (1978) for the Perseus-Pisces supercluster,
and by Einasto et al. (2020) for the A2142 supercluster. Central
clusters of these superclusters lie at minima of potential wells
created by respective superclusters. They are feed by filaments
from several sides, and are suitable locations for cluster merg-
ing – small clusters fall to the central cluster along filaments
surrounding the central cluster. The pattern of the cosmic web
suggests that the high connectivity can be used as a signature for
the presence of a central cluster of a supercluster.
5. Summary remarks
We calculated percolation functions of superclusters for four
evolutionary epochs of the Universe, corresponding to redshifts
z = 30, 10, 3, 1, and z = 0. The analysis was made for four sets
of the cosmological model, the LCDMmodel, the classical stan-
dard SCDMmodel, the open OCDMmode, and the Hyper-dark-
energy HCDM model. Ensembles of superclusters were found
for these four models for all evolutionary epochs. All models
have the same initial phase realisation, so we can follow the role
of different values of cosmological parameters to the evolution
of superclusters and their cocoons.
The almost constant number of supercluster, and the volume
of cocoons during the evolution means that supercluster embryos
were created at a very early evolution epoch, much earlier than
epochs tested in this study, z = 30. On the other side, the exis-
tence of differences in numbers and volumes between different
cosmological models suggests, that these differences were cre-
ated also in an early epoch, most likely after the end of inflation
and before matter/radiation equilibrium. The presence of dif-
ferences between models suggests that properties of superclus-
ters and supercluster cocoons, as measured by the percolation
method using the density field, and by the velocity field as done
by Dupuy et al. (2020), can be used to test basic cosmological
parameters of models.
We analysed the evolution of superclusters and their cocoons
applying percolation functions of the density field. Dupuy et al.
(2020) studied the evolution of supercluster basins of attraction
using the velocity field. Both methods yield approximately equal
spatial density of supercluster cocoons with rather similar prop-
erties. This similarity suggests that both the density as well the
velocity fields can be used to detect superclusters and their co-
coons, and to investigate their properties and evolution. The ve-
locity field is physically more justified when velocity data are
available. But it can be used today only to study the nearby
space of the real universe. For more distant regions the density
field method is at least presently the only option. The velocity
field based method allows to separate individual supercluster co-
coons, the density field method allows to separate individual su-
perclusters.
The basic conclusions of our study are as follows.
1. The combination of the analysis of the evolution of density
and velocity fields shows that the evolution of superclusters
and their cocoons is different.
2. Volumes (in comoving coordinates), masses and numbers of
supercluster cocoons are stable parameters, almost identi-
cal for all evolutionary epochs. This suggests that embryos
of supercluster cocoons were created at an early epoch. At
early epoch superclusters have volumes about 50 times less
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than their cocoons, at present epoch supercluster volumes are
about 140 times less than volumes of their cocoons. Super-
cluster masses are about 20 times less than masses of co-
coons. Masses of superclusters increase during the evolution
about three times, and their volumes (in comoving coordi-
nates) decrease about three times. The evolution of super-
clusters occurs mainly inside their cocoons.
3. LCDM, OCDM and HCDMmodels have almost similar per-
colation parameters. This suggests that the essential parame-
ter, which defines the evolution of superclusters, is the matter
density. The DE density influences the growth of the ampli-
tude of density perturbations, and the growth of masses of
superclusters, albeit significantly less strongly. The HCDM
model has the largest speed of the growth of the amplitude
of density fluctuations, and the largest growth of superclus-
ter masses during the evolution. Geometrical diameters and
numbers of HCDM superclusters at high threshold densi-
ties are larger than for LCDM and OCDM superclusters.
The SCDMmodel has, in comparison to other models, about
twice the number of superclusters; SCDM superclusters are
smaller, and their mass is lower than in other models.
A more detailed study of differences in the evolution of
LCDM, OCDM and HCDM models is beyond the scope of the
present paper.
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